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Abstract
Assume that X is a compact connected orientable nonsingular real algebraic variety with
an algebraic free S1-action so that the quotient Y =X=S1 is also a real algebraic variety. If
 :X → Y is the quotient map then the induced map between reduced algebraic K-groups,
tensored with Q, ∗ : K˜0(R(Y;C))⊗Q→ K˜0(R(X;C))⊗Q is onto, where R(X;C)=R(X )⊗C,
R(X ) denoting the ring of entire rational (regular) functions on the real algebraic variety X ,
extending partially the Bochnak–Kucharz result that K˜0(R(X × S1;C))= K˜0(R(X;C)) for any
real algebraic variety X . As an application we will show that for a compact connected Lie group
G K˜0(R(G;C))⊗Q=0. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: Primary 14P25; 19E99; secondary 13D15; 19L64
1. Introduction and the results
Algebraic K-Theory has proved quite useful in real algebraic geometry. Loday and
Bochnak–Kucharz used algebraic K-Theory to study polynomial and entire rational
maps between real algebraic varieties, mostly into standard spheres and the Grassmann
varieties (cf. see [4,6,5,13]). The key observation of Bochnak and Kucharz, used in their
results, is that K˜0(R(X × S1;C))= K˜0(R(X;C)), where R(X;C)=R(X ) ⊗ C; R(X )
denoting the ring of entire rational (regular) functions on the real algebraic variety
X , and K˜0(R(X;C)) the reduced Grothendieck K-group (of the category of Fnitely
generated projective R(X;C)-modules).
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For any CW -complex L let K˜0(L) denote the reduced K-group of L. We know that
for an aJne real algebraic variety X (any real projective variety is aJne [1, Proposition
2:4:1; 4, Theorem 3:4:4]) the category of algebraic complex vector bundles is equivalent
to the category of projective R(X;C)-modules of Fnite type. Moreover, for compact X
the canonical map
K˜0(R(X;C))→ K˜0(C0(X;C))→ K˜0(X )
is injective, where C0(X;C) is the ring of complex valued continuous functions on X
(cf. see [4, p. 326]).
In this note, we will prove the following partial generalization of the Bochnak–
Kucharz result mentioned above.
Let S1 act freely and algebraically on a nonsingular compact connected real algebraic
variety X such that the quotient X=S1 =Y is also algebraic (cf. see [10,19]) and  :X →
Y be the regular quotient map.
Theorem 1.1. Suppose X and  :X → Y are as above. Then the canonical homomor-
phism ∗ : K˜0(R(Y;C))⊗Q→ K˜0(R(X;C))⊗Q is onto.
In case the quotient is not algebraic we have the following result.
Theorem 1.2. Assume that X is a compact connected oriented nonsingular real alge-
braic variety with an algebraic free S1-action. Let B=X=S1 be the quotient space
and  :X → B the quotient map. Then K˜0(R(X;C)) ⊗ Q lies in the image of
∗ : K˜0(B)⊗Q→ K˜0(X )⊗Q.
Remark 1.3. (i) In the above theorem the assumption that the S1-action on X is alge-
braic rather than smooth is essential. For example, let E be a smooth complex elliptic
curve regarded as a real algebraic variety. Since E is topologically S1 × S1 there is a
free smooth S1-action on E. Therefore, if the theorem were true for smooth actions we
would have K˜0(R(E;C))⊗Q=0. However, it is known that any topological complex
vector bundle on E is algebraic; i.e., K˜0(R(X;C)) ⊗ Q=Q (cf. see Proposition 4:7
and the proof of Corollary 4:8. in [5]).
(ii) It is known that the Chern character gives an isomorphism (cf. see [3])
Ch :K˜0(R(X;C))⊗Q→H evenC-alg(X;Z)⊗Q (see Section 2 for the deFnition of H 2kC-alg(X;Z)).
Dovermann showed that any smooth S1-action on a smooth closed manifold is
algebraically realized [9]. Hence, we get the following theorem.
Theorem 1.4. Assume that M is a compact connected oriented smooth manifold with
a free S1-action. Then M has an algebraic model X as in Theorem 1:2.
It is a classical result that any compact Lie group has the structure of a real linear
algebraic group and this structure is unique. Moreover, Dovermann and Masuda proved
the following theorem.
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Theorem 1.5 (Dovermann and Masuda [10]). Let G be a compact Lie group and H
a closed subgroup. The homogeneous space G=H has the structure of a nonsingular
real algebraic G-variety; and this structure is unique. If K is another closed subgroup
and  :G=H → G=K is an equivariant map; then  is a polynomial map.
A consequence of Theorem 1.2 for compact connected Lie groups is as follows:
Theorem 1.6. Suppose G is a compact connected Lie group endowed with its unique
equivariant algebraic structure. Then K˜0(R(G;C))⊗Q=0.
Moreover; if the even dimensional cohomology groups of G are torsion free; then
K˜0(R(G;C))= 0.
Let R be any commutative ring with unity. In [15] it is shown that for an R-orientable
nonsingular compact real algebraic variety X , the image of the homomorphism
i∗ :H∗(XC; R)→ H∗(X; R)
denoted by ImH∗(X; R), is an (entire rational) isomorphism invariant of X , where
i :X → XC is the inclusion map into some nonsingular projective complexiFcation (see
next section).
The following is a corollary of the proofs of Theorems 1.2 and 1.6.
Corollary 1.7. Let X; B and  :X → B as in Theorem 1:2. Then ImH∗(X;Q) is in
the image of ∗ :H∗(B;Q)→ H∗(X;Q).
In particular; for a compact connected Lie group ImHi(G;Q)= 0 for i¿ 0.
In [6] Bochnak and Kucharz proved that if X ⊆ Rm is a compact connected orientable
nonsingular real algebraic variety of dimension d¿ 0 such that K˜0(R(X;C)) is a Fnite
group then any polynomial map f :X × S1 → Sd+1 is null homotopic. If d is odd then
the stronger statement that any entire rational map f :X ×S1 → Sd+1 is null homotopic
holds true, since X × S1 bounds in its complexiFcation, whereas Sd+1 does not since
it has got nonzero Euler characteristic (cf. [5, 17]). Hence, this result is interesting if
d is even. As a corollary of this and Theorem 1.6 we get,
Corollary 1.8. Suppose G is a compact connected Lie group of dimension d¿ 0
endowed with its canonical algebraic structure. Then any polynomial map f :G×S1 →
Sd+1 is null homotopic.
Moreover; if G is the complex unitary group U (n); n¿ 1; then any polynomial
map f :U (n)→ Sd is null homotopic (d= n2).
The last part of the above corollary follows from the Frst part and the observation
that the diMeomorphism  : SU (n)× S1 → U (n) given by
(A; z)=([C1; C2; : : : ; Cn]; z)= [zC1; C2; : : : ; Cn]
is a polynomial map, where Ci are the columns of the matrix A∈ SU (n).
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2. Proofs
All real algebraic varieties under consideration in this report are compact and non-
singular. It is well known that real projective varieties are aJne ([1, Proposition 2:4:1;
4, Theorem 3:4:4]). Moreover, compact aJne real algebraic varieties are projective ([1,
Corollary 2:5:14]) and therefore, we will not distinguish between real compact aJne
varieties and real projective varieties.
For real algebraic varieties X ⊆ Rr and Y ⊆ Rs a map F :X → Y is said to be
entire rational if there exist fi; gi ∈R[x1; : : : ; xr]; i=1; : : : ; s, such that each gi vanishes
nowhere on X and F =(f1=g1; : : : ; fs=gs). We say X and Y are isomorphic if there are
entire rational maps F :X → Y and G :Y → X such that F ◦G= idY and G ◦F = idX .
Isomorphic algebraic varieties will be regarded the same. A complexiFcation XC ⊆ CPN
of X will mean that X is embedded into some projective space RPN and XC ⊆ CPN
is the complexiFcation of the pair X ⊆ RPN . We also require the complexiFcation to
be nonsingular (blow up XC along smooth centers away from X deFned over reals if
necessary [11,2]). We refer the reader for the basic deFnitions and facts about real
algebraic geometry to [1,4].
Let R be any commutative ring with unity. For an R-orientable nonsingular compact
real algebraic variety X deFne KH∗(X; R) to be the kernel of the induced map
i∗ :H∗(X; R)→ H∗(XC; R)
on homology, where i :X → XC is the inclusion map into some nonsingular projective
complexiFcation. In [15] it is shown that KH∗(X; R) is independent of the complex-
iFcation X ⊆ XC and thus an (entire rational) isomorphism invariant of X . Dually,
denote the image of the homomorphism
i∗ :H∗(XC; R)→ H∗(X; R)
by ImH∗(X; R), which is also an isomorphism invariant. In [7] Bochnak and Kucharz
studied real algebraic varieties X for which the fundamental class [X ] is trivial in
H∗(XC; R).
Another useful tool of real algebraic geometry is H 2kC-alg(X;Z), the cohomology sub-
group of X generated by the pull backs of the complex algebraic cycles of its complex-
iFcation. This subgroup, like KHk(X; R), is an isomorphism invariant of real algebraic
variety X [3]. Note that by deFnition H 2kC-alg(X;Z) ⊆ ImH 2k(X;Z), whenever X is
orientable [15].
Proof of Theorem 1.1. Let i :X → XC and j :Y → YC be any nonsingular projective
complexiFcations and C :XC → YC be a complexiFcation of the map  :X → Y (we
may need to blow up XC along smooth centers away from X to get C well deFned).
The generic Fber of C :XC → YC is S1C=CP1.
By Remark 1.3,
Ch : K˜0(R(X;C))⊗Q→ H evenC-alg(X;Z)⊗Q
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and
Ch : K˜0(R(Y;C))⊗Q→ H evenC-alg(Y;Z)⊗Q
are isomorphisms and therefore by Theorem 1.2 it suJces to prove that the homo-
morphism ∗ :H evenC-alg(Y;Z)⊗Q→ H evenC-alg(X;Z)⊗Q is onto (note that by Theorem 1.2
H evenC-alg(X;Z)⊗Q is in the image of ∗ :H even(Y;Z)⊗Q→ H even(X;Z)⊗Q). Moreover,
it is enough to show that if ( ⊆ XC is an irreducible algebraic cycle with i∗(a) =0,
where a is the PoincarNe dual of ( then a= ∗(b), where b is the PoincarNe dual of an
algebraic cycle + ⊆ YC.
Consider the Gysin sequence associated with the S1-bundle  :X → Y
· · · → H 2k−2(Y;Q) ∪,−→H 2k(Y;Q)
∗
→H 2k(X;Q) 
!
→H 2k−1(Y;Q)→ · · · ;
where , is the Euler class of the bundle. By Theorem 2:1 in [16] we have, for any
l, !(Hl(Y;Q)) ⊆ KHl+1(X;Q) and therefore, since i∗(a) =0, by the dimension rea-
sons the cycle ( should contain the Fber CP1 of the map S1C=CP
1 → XC → YC.
(H evenC-alg(X;Z) and H evenC-alg(Y;Z) are supported in the Zariski neighborhoods of X and Y
in their complexiFcations, respectively, and thus we may assume as well that the map
S1C=CP
1 → XC → YC is an honest CP1-bundle [3].)
Now, let += ((), which is an algebraic cycle in YC because  is proper. Moreover,
(= −1(+) and ( → + is a CP1-bundle. However, this means nothing but a= ∗(b),
where b is the PoincarNe dual of + ⊆ YC.
Proof of Theorem 1.2. We will make use of the commutative diagram below (cf. [12,
see Theorem 3:27, p. 283])
K0(B)⊗Q 
∗
−−−−−→ K0(X )⊗Q
Ch






 






Ch
H even(B;Q) −−−−−→
∗
H even(X;Q)
where the vertical isomorphisms are given by the Chern character. So, it suJces to
show that the Chern character of any element in K˜0(R(X;C))⊗Q, of the form Ch([E]),
lies in the image of the homomorphism ∗ :H even(B;Q) → H even(X;Q). However, by
the Gysin sequence associated with the S1-bundle  :X → B
· · · → H 2k−2(B;Q) ∪,−→H 2k(B;Q)
∗
→H 2k(X;Q) 
!
→H 2k−1(B;Q)→ · · · ;
where , is the Euler class of the bundle, this is equivalent to showing that
!(Ch([E]))= 0.
Let E → X be an algebraic complex vector bundle over X and ck(E) be its k-th
Chern class. By Proposition 14.1 (4) of Chapter VI in [8] we have
!(ck(E))(a)= (−1)n−2k∗(ck(E)(!(a)))
for any homology class a∈H2k−1(B;Q), where n=dim(X ). We know that the Chern
classes of an algebraic vector bundle lie in H 2kC−alg(X;Q) (cf. see [3]). Hence, ck(E)∈
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H 2kC−alg(X;Q) ⊆ ImH 2k(X;Q) and by Theorem 2:1 in [16] we have, for any 06 l6 n−
1, !(Hl(B;Q)) ⊆ KHl+1(X;Q). Therefore, we conclude that !(ck(E))= 0, which
yields !(Ch([E]))= 0.
Proof of Theorem 1.6. Let G be a compact Lie group and Tk ⊆ G a maximal torus.
Then, by Theorem 1.5 we have a sequence of algebraic S1-Fber bundles
G → G=T 1 → G=T 2 → · · · → G=Tk−1 → G=Tk ;
where S1 =T 1 ⊆ T 2 ⊆ · · · ⊆ Tk−1 ⊆ Tk is a maximal sequence of tori in Tk .
Now Theorem 1.1 implies that K˜0(R(G;C))⊗Q lies in the image of
∗ : K˜0(R(G=Tk ;C))⊗Q→ K˜0(R(G;C))⊗Q:
The claim below together with Remark 1.3 (ii) will Fnish the proof of the Frst part
of the theorem.
Claim. The homomorphism ∗ :Hi(G=Tk ;Q)→ Hi(G;Q) is trivial for i¿ 0.
Proof of the claim. Consider the sequence of Fbrations
Tk i→G →G=Tk j→BTk → BG;
where BTk and BG are the classifying spaces for G and Tk , respectively. We know
that the induced homomorphism j∗ :Hi(BTk ;Q) → Hi(G=Tk ;Q) is onto (cf. see [14,
Theorem 8:5 p. 261]) because rank(G)= rank(Tk) [14, p. 262]. Hence, it suJces to
show that the homomorphism
( ◦ j)∗ :Hi(BTk ;Q)→ Hi(G;Q)
is zero. However, this is clearly so since the composition  ◦ j :G → G=Tk → BTk is
null homotopic.
For the proof of the second statement, note the classical result of Peterson that if
H 2k(X;Z) is torsion free for k¿ 3 then, two complex vector bundles over X are stably
isomorphic if and only if they have the same total Chern class [18]. Therefore, both
K0(X ) and K0(R(G;C)) are torsion free. Now, the Frst part Fnishes the proof.
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